We establish the existence of travelling wave solutions for delayed cooperative recursions that are allowed to have more than two equilibria. We define an important extended real number that is used to determine the speeds of travelling wave solutions. The results can be applied to a large class of delayed cooperative reaction-diffusion models. We show that for a delayed LotkaVolterra reaction-diffusion competition model, there exists a finite positive number c * + that can be characterized as the slowest speed of travelling wave solutions connecting two mono-culture equilibria or connecting a mono-culture with the coexistence equilibrium.
Introduction
This work is motivated by the study of the existence of travelling wave solutions in the LotkaVolterra-type two-species competition model with delay
(1.1)
Here u(t, x) and v(t, x) represent densities of adult members of two species u and v at time t and point x, respectively. d u > 0 (d v > 0) is the diffusion coefficient of the adult population u (v). The delay τ 1 (τ 2 ) describes the time taken from birth to maturity of the population u (v). α 1 (α 2 ) is made up of two factors, the per capita birth rate and the survival rate of immatures 3 Author to whom any correspondence should be addressed.
for the population u (v) during the immature stage. The two probability kernels G u and G v are given by The terms α 1 R G u (y)u(t − τ 1 , x − y) dy and α 2 R G v (y)u(t − τ 2 , x − y) dy total up the individuals of the populations u and v born at time t − τ 1 and t − τ 2 in all parts of the domain that are still alive at time t and have just reached maturity and arrived at x, respectively. Death of the matures for each population is modelled by quadratic terms, as in the logistic equation.
In the model (1.1) it is assumed that competition effects are of the classical Lotka-Volterra kind, and the effects of v on u, and u on v are measured by p 1 and p 2 , respectively. For the sake of simplicity we have dropped the uncoupled equations that describe the dynamics of the immature individuals of the populations u and v. For a more detailed description of the model (1.1), the reader is referred to [3, 6] . For studies on delayed models related to (1.1), see [1, 2, 7] . Al-Omari and Gourley [3] studied the existence of travelling wave solutions in (1.1) in the case that * instead ofĉ was used in [3] . We shall reserve c * for the number given in (2.5).) Such travelling wave solutions describe the spatial spread of the adult individuals of the population with stronger competition ability into the adult individuals of its rival, and can provide insight about spatial patterns of competing species in space. The results in [3] represent significant progress in establishing travelling wave solutions for (1.1). However, the problem about the existence of travelling wave solutions for (1.1) has not been completely solved. In this paper we attempt to provide the sharpest theoretical result regarding the existence of travelling wave solutions connecting an unstable mono-culture equilibrium with a nontrivial equilibrium in (1.1). We show that there is a positive number c * + such that for c c and Zhao [12] developed the mathematical theory regarding the spreading speeds and travelling wave solutions for cooperative systems with delay. Their results have been successfully applied to several specific models [4, 12] . The theory developed by Liang and Zhao requires that the system considered has only two equilibria, and it cannot be used to obtain travelling wave solutions in (1.1) that connect two nontrivial equilibria because of the presence of the origin on the boundary of the relevant domain.
In this paper we study the existence of travelling wave solutions for delayed systems that may have more than two equilibria. We first define an important extended real number c * + , and obtain the results where c * + is related to speeds of travelling wave solutions for recursions with delay. We then apply the general results to (1.1) to obtain that c * + is the slowest speed of travelling wave solutions connecting two nontrivial equilibria. This paper is organized as follows. In section 2, we define c * + and use it to establish the existence of travelling wave solutions for delayed recursions. In section 3, we devote to applying the results obtained in section 2 to the model (1.1). In section 4, we give some concluding remarks. The proofs of some useful lemmas are included in the appendix.
Existence of travelling waves for recursions
We shall use H to denote the habitat where the species grow, interact and migrate. H is either the real line (the continuous habitat) or the subset of the real line which consist of all integral multiples of positive mesh size h (a discrete habitat). Let τ be a nonnegative real number. We shall use boldface Roman symbols like u(θ, x) to denote k-vector-valued functions of the two variable θ and x, and boldface Greek letters to stand for k-vectors, which may be thought of as constant vector-valued functions. We define u v to mean that
for all i, θ and x. We also define max{u(θ, x), v(θ, x)} to mean the vector-valued function whose ith
We use the notation 0 for the constant vector all of whose components are 0.
Let C be the set of all bounded continuous functions from [−τ, 0] × H to R k ,C be the set of all bounded continuous from [−τ, 0] to R k , and X be the set of bounded continuous functions from H to R k . If r ∈C with r 0, we define the set of continuous functions C r := {u ∈ C : 0 u r}.
Moreover, we define the metric function
) is a metric space. The convergence of a sequence φ n to φ with respect to this topology is equivalent to the uniform convergence of φ n to φ on bounded subsets of [−τ, 0] × H . We study the following discrete-time recursion:
and x ∈ H represents the population densities of the populations of k species at time n and point x with time delay τ . The operator Q is said to be order preserving if u v implies that Q[u] Q [v] . A recursion (2.2) in which Q has this property is said to be cooperative. A function is said to be an equilibrium of Q if Q[w] = w, so that if u l = w in the recursion (2.2), then u n = w for all n l. We shall study the evolution of the solution u n of the recursion (2.2) from a u 0 near an unstable constant equilibrium θ. By introducing the new variableû = u − θ if necessary, we shall assume the unstable equilibrium θ from which the system moves away is the origin 0.
We define the translation and reflection operators
We shall make the following hypotheses on Q. 
, and the operator
Hypotheses 2.1 represent a revised set of the hypotheses made in Liang and Zhao [12] . Remark 2.1. Hypotheses 2.1 i-ii imply that Q takes C β into itself, and that the equilibrium β attracts all initial functions in C β with uniformly positive components. In biological terms, β is a globally stable coexistence equilibrium. There may also be other equilibria lying between β and the extinction equilibrium 0, in each of which at least one of the species is extinct. Throughout this paper, we shall assume that the recursion (2.2) has a finite number of equilibria and that the equilibria of (2.2) are completely separate in the sense that for any two equilibria ν 1 [12] imposed the hypothesis that for any positive number ε, there is α ∈C with 0 α β and α ε such that Q[α] α. We have replaced this hypothesis by the convergence hypothesis in hypothesis 2.1 i.
Remark 2.2. Liang and Zhao
The following lemma is useful in our discussion, which can be found in Lui [8] , Weinberger et al [15] , and Liang and Zhao [12] . For any real number c, we define the operator
The operator R c is again order preserving, and it takes C β into itself. We now define a sequence of vector-valued functions a n (c; θ, s)
It is easily seen that a 1 a 0 , a 1 (c; θ, s) is nonincreasing in c and s, and continuous in (c, θ, s). Induction shows that a n a n+1 β for all n, and a n (c; θ, s) is nonincreasing in c and s and continuous in (c, θ, s). Hypotheses 2.1 imply that {a n (c; θ, s) : n 1, c ∈ R} is a family of equicontinuous functions of (θ; s) in any bounded subset of [−τ, 0] × H (see the proof of theorem 4.2 in Liang and Zhao [12] ). It follows that the sequence a n (c; θ, s) converges to a limit function a(c; θ, s) uniformly in any bounded subset of [−τ, 0] × H which is again nonincreasing in c and s and continuous in (θ, s), and bounded above by β. It is shown in [12] that the vector-valued function a(c; θ, ∞) is an equilibrium of the operator Q (see lemma 2.10 in [12] whose proof is still valid under hypotheses 2.1). It is also shown in [12] that a(c; θ, −∞) is an equilibrium of the operator Q. We prove that this is still true under hypotheses 2.1.
Lemma 2.2. For any real number c, a(c; θ, −∞) = β.
The proof of this lemma can be found in the appendix. It is easily seen that when c is sufficiently negative, a(c; θ, s) ≡ β, or equivalently that a(c; θ, ∞) = β. If we start with a different functionφ with the properties (B 1 )-(B 3 ), we obtain a different sequenceâ n (c; θ, s) and a different limit functionâ(c; θ, s). The proof of lemma 2.8 in [12] still works to show that a(c; θ, ∞) =â(c; θ, ∞), i.e.,
a(c; θ, ∞) is independent of the initial function φ(θ, s).
We now examine what happens when the extra assumption 0 and β are the only equilibria of Q in C β (2.4) made in [12] is dropped. We can still define the function a(c; θ, s) as above, and follow Liang and Zhao [12] to define
The only difference is that a(c * ; θ, ∞) may be an equilibrium ν(θ ) other than 0. We define a second number We now relate c * + to speeds of travelling wave solutions in (2.2). A travelling wave solution of (2.2) with speed c has the form u n (c; θ, x) = W(c; θ, x − nc) with W(c; θ, s) a function in C β . That is, the solution at n + 1 is simply the translation by c of its value at n. We have following theorem on the existence of travelling waves in (2.2). 
and a sequence of vector-valued functions a n (c, κ; θ, s) for θ ∈ [−τ, 0] and s ∈ H by the recursion
As shown in the proof of theorem 4.2 of Liang and Zhao [12] , {a n (c, κ; θ, s) : n 1, κ ∈ (0, 1]} is a family of equicontinuous functions of (θ, s) in any bounded subset of [−τ, 0]×H . It follows that there is a sequence n j such that a n j (c, κ; θ, s) converges uniformly for θ ∈ [−τ, 0] and s on bounded sets. Since a n is nondecreasing in n, the whole sequence a n (c, κ; θ, s)] converges to a function a(c, κ; θ, s) uniformly for θ ∈ [−τ, 0] and s on bounded sets. In particular, a(c, κ; θ, s) is a continuous function of (θ, s). By hypothesis 2.1 iv, we may take limits in (2.7) to see that
. We choose a positive integer N so large that there is no equilibrium u other than 0 satisfying |u(θ 0 , x)| 2|β(θ 0 )|/N where | · | denotes the Euclidean norm.
We choose x 0 ∈ H such that x 0 > 0. For every integer we define 
Consequently, there is an integer which we call κ such that 1
We now consider the sequence a(c, κ; θ, s+ κ x 0 ). We claim that the sequence a(c, κ; θ, s) forms a family of equicontinuous functions of (θ, s) in any bounded subset of [−τ, 0] × H . In fact, for any θ 1 , θ 2 ∈ [−τ, 0] and real numbers s 1 and s 2 , we have that for any positive integer n
Since a n increases to a uniformly on bounded sets and {a n (c, κ; θ, s) : n 0, κ ∈ (0, 1]} is a family of equicontinuous functions of (θ, s), we have that the above claim is true.
It follows that there is a sequence κ i → 0 such that a(c, κ i ; θ, x + κ i x 0 ) converges uniformly for θ ∈ [−τ, 0] and x on bounded sets to a function W(c; θ, x) that is nonincreasing in x. We may take limits in ( This result is an extension of theorem 3.1 in Li et al [11] . One can prove it by using the definition of c * and the arguments similar to those in the proof of theorem 2.1 with replacing (2.10) by
In the rest of this section, we consider travelling waves for the continuous time semiflow
. It is shown in [11, 12] that the theorem 2.1 can be extended to the continuous time function u(θ, t, x) by the following trick: one first applies this result to the recursion with the time-2 − map Q 2 − to obtain the existence result of travelling waves for times which are multiples of 2 − . As shown in the proof of theorem 4.4 in [12] , one can take a limit as approaches infinity to obtain the following continuous result of the existence of travelling waves. 
Existence of travelling waves in (1.1)
In this section we show the existence of travelling wave solutions in (1.1) using theorems 2.1 and 2.2 obtained in the preceding section. The model (1.1) has the trivial equilibrium E 0 = (0, 0), the mono-culture equilibria E u = (u * , 0) and E v = (0, v * ) with
and the coexistence equilibrium E + = (u + , v + ) where 
It is easily seen that
then E u is unstable, E + exists and it is globally attracting if α 2 p 1 < α 1 η 2 , and E + does not exist and E v is globally attracting if α 2 p 1 > α 1 η 2 . We shall assume that (3.1) is satisfied, and discuss the spatial transition from E u to the target statê
We first make a change of variables u := u * − u and v := v to convert the competition system (1.1) into the cooperative system
For this system,
Let τ = max{τ 1 , τ 2 }. 0 and β are the only two equilibria in C β when α 2 p 1 < α 1 η 2 . There is an extra equilibrium ν = (u * , 0) in C β when α 2 p 1 > α 1 η 2 .
Definition 3.1. A function (u(t, x), v(t, x))
The following existence and comparison lemma for the model (3.3) is a consequence of applying the results in Martin and Smith [13] .
Lemma 3.1. For any (φ, ψ) ∈ C β , system (3.3) has a unique classical solution (u(t, x; φ, ψ), v(t, x; φ, ψ)) for (t, x) ∈ (τ, ∞)×R, where (u(0, x; φ, ψ), v(0, x, ; φ, ψ)) = (φ, ψ). Furthermore, for any pair of super-solution (ū(t, x),v(t, x)) and sub-solution (u(t, x), v(t, x)) of (3.3) with (0, 0) (u(t, x), v(t, x)) (ū(t, x),v(t, x)) (u
The proof of this lemma will be given in the appendix. This lemma together with the global stability results for (3.3) shows that the time t solution map Q t of system (3.3) with t > 0 exists, and it satisfies hypotheses 2.1 i-ii. Hypothesis 2.1 iii is satisfied by Q t since (3.3) is an autonomous system and G u and G v are symmetric functions.
Lemma 3.2. For any t > 0, Q t satisfies hypothesis 2.1 iv with β given by (3.4).

Lemma 3.3. For any t > 0, Q t satisfies hypothesis 2.1 v with β given by (3.4).
The proofs of lemmas 3.2 and 3.3 will be given in the appendix. Since (5.3) is an autonomous system, {Q t } t 0 is a semiflow on C β . We have that Q t satisfies all the conditions in theorem 2.2.
Lemma 3.4. Let c *
+ be defined by (2.6) where Q is replaced by the time one map Q 1 of (3.3), then 0 < c * + < ∞. The proof will be given in the appendix. We now are in the position to prove our main theorem in this section. 
We therefore haveû(x − ct) = u * − u(x − ct) is a nondecreasing travelling wave solution of
withû(−∞) = 0 andû(+∞) = u * . According to lemma 3.4, c * + > 0, so that c > 0. We therefore have thatû(x − ct) is a nondecreasing travelling wave solution of (3.5) with the speed −c < 0 connecting the unstable equilibrium 0 with the stable equilibrium u * . On the other hand, since the right-hand side of (3.5) becomes bigger when the only nonlinear term −η 1û 2 is dropped, we have that the time t solution map of (3.5) is dominated by that of the linearized model. One can then use theorem 3.10 in Liang and Zhao [12] and the argument given in Fang et al [4, pp 2758-9] to show that the minimal travelling wave speed for (3.5) is given by inf µ>0 λ(µ)/µ where λ(µ) is the principle eigenvalue of the characteristic equation
Since λ(0) > 0 and λ(µ) d u µ 2 for µ > 0, one can easily see that inf µ>0 λ(µ)/µ > 0. We therefore have that the speeds of nondecreasing travelling wave solutions of (3.5) connecting 0 and u * are all positive. We obtain a contradiction and complete the proof of this theorem. 
Concluding remarks
We established the existence of travelling wave solutions for the delayed competition model (1.1). We showed that for c c * + with c * + given by (2.6) where Q is the time one solution map of the delayed system (3.3), there exists a travelling wave solution for the model that connects an unstable mono-culture equilibrium with the other mono-culture equilibrium or with the coexistence equilibrium depending on the model parameter values. We first developed the mathematical theory regarding the existence of travelling wave solutions for cooperative recursions with delay that are allowed to have more than two equilibria, and then applied the general theory to obtain travelling wave solutions for the model (1.1). The general theory provided in section 2 can be applied a large class of delayed cooperative reaction-diffusion equations. Theorems 2.1 and 2.2 given in section 2 are new even for cooperative systems without delay.
The issue on spreading speeds for (2.2) was not addressed in this paper. It was shown in Weinberger et al [11, 15, 16] that for a cooperative multi-species system without delay that has more than two equilibria, different components may spread at different spreading speeds. One can construct concrete examples with delay based on the examples given in Weinberger et al [11, 15, 16] to show that this is also the case for delayed systems. It would be of interest to study the problem of multiple spreading speeds and investigate how c * and c * + are related to spreading speeds in delayed cooperative systems.
It is difficult to compute c * + for the model (1.1) explicitly or implicitly. It was shown in Lewis et al [10] that when τ 1 = τ 2 = 0, c * + = c * with c * given by (2.5) where Q is the time one solution map of the delayed system (3.3). It was also shown in [10] that in this case both c * + and c * represent the asymptotic spreading speed at which the population with stronger competition ability spreads and the population with weaker competition ability retreats in space when local invasion of the population with stronger competition ability occurs in an environment where the weaker competitor has established an equilibrium distribution. It would be interesting to study if these results are still valid when τ 1 > 0 and τ 2 > 0.
Proof of lemma 2.2. As shown in the proof of theorem 4.2 of Liang and Zhao [12] , {a n (c; θ, s) : n 1} is a family of equicontinuous functions of (θ, s) in any bounded subset of [−τ, 0] × H . For each n 1, a n (c; θ, x) increases to a n (c; θ, −∞) as x → −∞. It follows that for each n 1, there exists a sequence k with k → ∞ such that 
We can then rewrite (3.3) as follows:
where u t , v t ∈ C with u t (θ, x) = u(t + θ, x) and
Let {T u (t)} t 0 and {T v (t)} t 0 be the solution semigroup on X generated by the heat equations u ,t = d u u and v ,t = d v u. We thus can write (5.2) into the following integral equations:
Under the abstract setting in [13] , a mild solution of (5.2) is a solution to its associated integral equation (5.3). By the expressions of f 1 and f 2 one can easily check that f 1 and f 2 are Lipschitz continuous on any bounded subset of C × C. Let Z = BU C(R, R
2 ) be the Banach space of all bounded and uniformly continuous functions from R into R 2 with the usual supremum norm. Let
. We claim that f 1 and f 2 are quasi-monotone on C in the sense that
. From the definitions of f 1 and f 2 in (5.1) we see that
It follows that for sufficiently small h > 0,
It follows that (5.4) holds. Then the existence and uniqueness of (u(t, x; φ, ψ), v(t, x; φ, ψ)) follows from corollary 5 in [13] with
. Moreover, by the semigroup theory given in the proof of theorem 1 in [13] , it follows that (u(t, x; φ), v(t, x; ψ)) is a classical solution for t > τ.
For simplicity, let ψ(θ,
By applying corollary 5 in [13] with v + = (u * −ũ,ṽ) and x) ) and v − = (0, 0), respectively, we obtain
This completes the proof.
Proof of lemma 3.2. Let , 1 , 2 ∈ C β . For any ε > 0 and t 0 > 0, we define 
We claim that |u(t 1 , 
